ABSTRACT
Introduction
One key challenge for the empirical literature on peer effects is to identify what drives the correlation between outcomes of individuals who interact together (see Blume and Durlauf (2005) and Soetevent (2006) for recent surveys). In a pioneer study, Manski (1993) distinguishes between endogenous effect, i.e., the influence of peer outcomes, exogenous (or contextual) effects, i.e., the influence of exogenous peer characteristics, and correlated effects, i.e., individuals in the same reference group tend to behave similarly because they are alike or face a common environment.
Manski shows that two main identification problems arise in the context of a linear-in-means model. 1 First, it is difficult to distinguish real social effects (endogenous + exogenous) from correlated effects. 2 Second, even in the absence of correlated effects, simultaneity in behavior of interacting agents introduces a perfect collinearity between the expected mean outcome of the group and its mean characteristics. This 'reflection' problem hinders the identification of the endogenous effect from the exogenous effects. 3 One basic assumption that is usually made in the linear-in-means model, as well as in most peer effects models, is that individuals interact in groups. This means that the population is partitioned in groups, and that individuals are affected by all others in their group and by none outside of it. This interaction pattern is very particular and is not likely to represent most forms of relationship between individuals. Indeed, there is increasing recognition among economists and social scientists in general of the role played by social networks in structuring interactions 1 In the linear-in-means model, the outcome of each individual depends linearly on his own characteristics, on the mean outcome of his reference group and on its mean characteristics. Most papers on social interactions have considered the linear-in-means model since it is naturally related to the standard simultaneous linear model (Moffitt 2001) . Notable exceptions are Durlauf (2001a, 2003) that exploit non-linearities emerging from discrete choice models to identify endogenous from exogenous effects under the assumption of no correlated effects, Krauth (2006) that extents Brock and Durlauf (2001a) to account for correlated effects, Glaeser, Sacerdote and Scheinkman (1996) that provide a non-parametric test of the existence of social interaction effects, and Fortin, Lacroix and Villeval (2006) that use a mixed discrete-continuous model with group-specific fixed effects. Brock and Durlauf (2001b) provide a careful analysis of identification in both linear-in-means and discrete choice models.
2 Empirical studies have notably addressed this problem by exploiting data where individuals are randomly assigned to groups (removing any correlated effects), e.g., Sacerdote (2001) and Zimmerman (2003) , by using instrumental variables, e.g., Evans, Oates and Schwab (1992) and Graham and Hahn (2005) , or by assuming that correlated effects are time-invariant and estimating a group specific fixed effects model using panel data, e.g., Hanushek et al. (2003) . 3 Empirical studies have addressed this issue in many ways: for instance by assuming that only one type of social effect exists (endogenous or exogenous), e.g., Graham and Hahn (2005) , by assuming that there exists an individual characteristic that affects outcome but which does not play the role of a contextual variable or more generally, by assuming the existence of an instrumental variable, e.g., Gaviria and Raphael (2001) and Hanushek et al. (2003) . These assumptions are often ad hoc and in any case cannot be tested when the model is exactly identified. 1 among agents. A growing body of theoretical work explores how individual incentives give rise to networks and, in turn, can be shaped by them (e.g., see Jackson 2006) . At the empirical level, a few recent studies exploit datasets possessing rich information on relationships between agents in order to provide cleaner evidence on social effects. 4 Network datasets are especially valuable to determine the appropriate reference groups likely to influence an individual's behavior. It is thus natural to analyze the problem of identification under more general assumptions.
Our approach is inspired from the literature in spatial econometrics (e.g., see Anselin et al. 2004 ). We consider an extended version of the linear-in-means model where each individual has his own specific reference group, defined by the individuals whose mean outcome and characteristics influence his own outcome. Interactions are thus structured through a directed social network (e.g., Wasserman and Faust 1994) . We show that relaxing the assumption of group interactions generally permits to separate endogenous and exogenous effects. Therefore, the second negative result of Manski (1993) is not robust to reference group heterogeneity. This result is important since distinguishing between both peer effects is necessary to evaluate the impact of policies on outcomes of networks with different structure. It also helps to detect which mechanism is at work within a network. 5 More generally, inference on parameters with behavioral interpretation requires estimates of the structural form of the model. Our main objective is to characterize the networks for which endogenous and exogenous effects are identifiable. We determine these structures both in the absence of correlated effects and when controlling for correlated effects in the form of component fixed effects. 6 In both cases, we provide easy-to-check necessary and sufficient conditions for identification. When there are no correlated effects, we show that endogenous and exogenous effects are identified as soon as individuals do not interact in groups. 7 Thus, even the slightest departure from a groupwise structure is sufficient to obtain identification. In many networks, identification originate from natural exclusion restrictions induced by the structure. For instance, identification is guaranteed if an individual has a friend's friend who is not his friend (i.e., the network has an intransitive 4 Dercon and DeWeerdt (2005) study the network of risk-sharing relationships between households in a Tanzanian village. Conley and Udry (2005) look at how communication networks among farmers affect the adoption of a new technology. Goyal et al. (2006) analyze the network of coauthorships among economists. Calvó-Armengol, Patacchini and Zenou (2005) and Lin (2005) study the AddHealth dataset and friendship networks among adolescents.
5 For instance, imitation and conformism in behavior can be eliminated when only exogenous effects are present. 6 A component is a maximal set of individuals indirectly related to each other, see Section 3. 7 We also show that they may be identified under group interactions, see our discussion on Lee (2004) below.
2 triad). The intuition is that the characteristics of his friend's friend do not directly affect the individual's outcome but they affect it indirectly through their effects on his friend's outcome.
This imposes an identifying restriction to the model.
When correlated effects are present at the component level, it is natural to take them out through a within transformation similar to the one used in panel data models. However many transformations can be used for this purpose. We focus on two of them: the local transformation which expresses the model in deviation from the mean equation of the individual's neighbors and the global transformation which expresses it in deviation from the individual's component. We
show that the global transformation is the one which imposes less restrictive conditions to obtain identification. Whatever the transformation used, degrees of freedom are lost, and identification now fails on some networks, such as the star. We still find that endogenous and exogenous effects can be distinguished on most networks.
Our analysis admits as special cases several models studied in the literature, among which Manski (1993) , Moffitt (2001) and Lee (2006) . These authors analyze different versions of the standard model with group interactions. For our purposes, Manski's model has the same properties as one where the individual is included when computing the mean of the group. 8 In this case, peer effects are not identified. In Moffitt's model, the individual is excluded from the mean and all groups have the same size. Peer effects are also not identified. In contrast, Lee's model considers interactions in groups with different sizes, and the individual is also excluded from the mean. He finds that variations in group sizes can yield identification. 9 We show that these three results directly follow from our general conditions. Observe that Lee's result may have important empirical implications. Econometric analysis in existing studies that neglect these size effects may be misspecified. 10 Conversely, prospects for identification with standard datasets may be better than usually thought.
Our paper advances the methodology of the empirical estimation of peer effects. We provide 8 More precisely, Manski develops a linear-in-expectations model, where the individual's outcome depends on the outcome expectation of his group and social equilibrium is assumed. In the absence of correlated effects, the reduced form of this model is similar to that of a linear-in-means model, where a non-cooperative Nash equilibrium is assumed and where the individual is included when computing the mean.
9 Identification could be weak if the group sizes are large. See the discussion in Lee (2004) . 10 For instance, in the sample of Sacerdote (2001) , 53% of roommates are in double rooms, 44% are in triples, and 3% in quads. The author assumes that the individual is excluded from the mean and that reduced-form coefficients do not depend on the number of roommates. This may only be true under the assumption of no endogenous effects. a theoretical foundation behind a few recent attempts at identifying and estimating social effects (Laschever 2005, and Lin 2005) . Laschever (2005) applies a model of social interactions with multiple reference groups to the likelihood of post-war employment of World War I veterans.
As shown in this paper, a multiple reference group structure is only one of many structures of interaction for which social effects can be identified. 11 Lin (2005) uses detailed data on friendship links to estimate peers' influence on students' outcomes. He can obtain separate estimates for endogenous and exogenous effects only because the friendship networks in his dataset satisfy our general identification conditions. While theoretically identified, a social interaction model can suffer from weak identification in practice. Our paper also provides Monte Carlo simulations which analyze the effects of important characteristics of a network, such as its density (that is, the proportion of actual over potential links) and its level of intransitivity, on the quality of estimates of peer effects.
The rest of the paper is organized as follows. Section 2 introduces the extended linear-inmeans model, and presents our basic identification results. Section 3 addresses correlated effects in the form of component fixed effects. Section 4 present our Monte Carlo simulations. A brief discussion concludes.
Social Effects and Social Networks

The Structural Model
Our model is an extension of the standard linear-in-means social interactions model in which we allow for individual-specific reference groups. We follow the formulation of Moffitt (2001) . Vectors are denoted with bold letters. Suppose we have a set N of individuals i (i ∈ {1, 2, ..., n}). Let y i be the outcome of interest for individual i. Let x i be a socioeconomic characteristic of i. For simplicity, we present the model with a unique characteristic. Results hold with any number of them (see Appendices for more details). Our main new assumption is as follows. Each individual i may have a specific reference group N i ⊂ N of size n i . This reference group (known by the modeler) contains all individuals whose outcome or characteristics may affect i's outcome. Except where otherwise specified, we assume that individual i is excluded from his reference group, that 11 While Laschever's model is somewhat different from ours, the reason for identification is similar. 4 is, i / ∈ N i . This corresponds to the usual empirical formulation (e.g., Sacerdote 2001 , Hanushek et al. 2003 , Soetevent and Kooreman 2005 ). An individual is isolated if his reference group is empty. 12 We assume that not all individuals are isolated. The collection of individual-specific reference groups defines a directed network between individuals.
Our results are consistent with two types of observations. First, they hold if we observe an i.i.d. sample of size L from a population of networks with a fixed and known structure.
Alternatively, they hold if we observe an i.i.d. sample L from a population of networks with a stochastic but strictly exogenous structure. For notational simplicity, our results are presented for a fixed network; they can be easily adapted to the latter case (see discussion below). Also, to focus on the population model, we omit for the moment the network observation index l,
We do not change any other assumption of the standard model. Especially, we assume that the individual outcome may be affected by the individual characteristics, by the mean outcome in the individual's reference group (endogenous social effect), and by the mean characteristics in the individual's reference group (exogenous social effect). Formally, the structural model is given by:
where α 2 captures endogenous effects and α 3 exogenous effects. It is standard to require that |α 2 | < 1. Except for this restriction, our model does not impose any other constraints on the α's. The error term i reflects unobservable (to the modeler) characteristics associated with i. In this section, we assume strict exogeneity of the error terms, that is E( i |x) = 0 where x is the vector (x i ). Thus we assume no correlated effects. This assumption is relaxed in the next section.
We make no further assumption on the error terms. Especially, they are not necessarily i.i.d. or normally distributed. 13 Thus our model is semiparametric, or "distribution-free".
We finally write the structural model using condensed notations. Thus, y is the vector (y i ), while 1 is the vector of ones. Let i denote the identity matrix. Introduce the interaction matrix 12 While an isolated individual is not affected by others, he may still affect others. 13 This structural model can be derived from a choice-theoretic approach where each individual i chooses his outcome in order to maximize a quadratic utility function depending on his outcome and on his reference group's mean expected outcome and mean characteristics. This approach also assumes that social interactions have reached a noncooperative (Nash) equilibrium at which expected outcomes are realized. g as follows: g ij = 1/n i if j ∈ N i , and 0 otherwise. 14 Equation (1) becomes:
with E(² | x) = 0 and E(²² 0 | x) = Σ, where Σ is symmetric and positive definite but unrestricted otherwise. Therefore Σ contains no identifying information. We assume throughout that the expected outer product matrix of (1, x) has full rank. This formulation makes clear that the structural theoretical model is composed of a system of linear simultaneous equations with crossand within-equation parameter restrictions. Indeed, the α's are the same across equations and the coefficients α 2 and α 3 associated with the individual i' reference group are the same within any equation) . Observe also that the systematic part of (2) 
Reduced Form and Identification
We now write the restricted reduced form of model (2). Since i−α 2 g is invertible, 16 it can be written as:
where the intercept is simply α 0 /(1 − α 2 ) if the individual is not isolated, and α 0 otherwise and where the variance-covariance matrix of the errors terms (i−α 2 g) −1 ² is given by Ω =(i−α 2 g) −1
We say that social effects are identified if and only if the set of structural parameters (α 0 , α 1 , α 2 , α 3 )
can be uniquely recovered from the restricted reduced form parameters in (3) (injective relationship). 17 This means that it is impossible to find different sets of values for the structural para-14 More generally, g ij could capture the strength of the interaction between i and j, and decrease with social, or geographic, distance. Some of our results hold for arbitrary g, others for matrices that are row-normalized (see discussion below).
15 Lee (2006) 's model allows for group fixed effects, which we ignore here. In section 3, we introduce component fixed effects in our model. 16 This is the case since |α2| < 1. For a demonstration, see Case (1991) , footnote 5.
it can be uniquely recovered from Ω and α 2 .
6 meters that are observationally equivalent. 18 As usual, our identification results are asymptotic in nature (see Manski 1995) . They characterize when social effects can, or cannot, be disentangled if we are not limited in the number of observations we can obtain.
It will be useful in the following to use a series expansion of (3). Since (i−α 2 g) −1 = P ∞ k=0 (α 2 ) k g k and assuming no isolated individuals, one has:
Moreover, from (4), the expected mean outcomes of reference groups conditional on x can be written as:
The remainder of the paper clarifies the conditions under which identification holds under network interaction.
Results
Our first result shows that the identification of social effects is related to a simple property of the matrix g.
Proposition 1 Suppose that α 1 α 2 + α 3 6 = 0. If the matrices i, g, and g 2 are linearly independent social effects are identified. If the matrices i, g, and g 2 are linearly dependent and no individual is isolated, social effects are not identified.
It is worth noting that the first part of this result holds even if equation (2) is written with an arbitrary matrix g, while the second part holds as soon as g is row-normalized. 19 This includes situations where the network is weighted, or where the sum of outcomes and characteristics in the reference group matters, rather than the mean.
18 Additional assumptions on the error terms, for example that they are i.i.d. (due to randomization of reference groups), could help identification (e.g., see Moffitt 2001) . 19 One easy way to check whether these three matrices are linearly independent is the following. First, one vectorizes each matrix, that is, one stacks its columns on top of each other. Second, one verifies whether the matrix formed by concatening these stacked vectors has rank three.
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The condition α 1 α 2 + α 3 6 = 0 is natural in this setting. As shown in (4), it means that others' characteristics have some (direct and/or indirect) effect on an individual's expected outcome.
When it is violated, endogenous and exogenous effects are zero or exactly cancel out, and social effects are absent from the reduced form. The condition is satisfied as soon as α 1 and α 3 have the same sign, α 2 > 0 and α 1 6 = 0. With several characteristics, it must be satisfied for at least one of them.
Proposition 1 can be given a natural interpretation in terms of instrumental variables. We show in Appendix 2 (Result 1) that when no individual is isolated, the matrices i, g, and g 2 are linearly dependent if and only if E(gy|x) is perfectly collinear with (1, x, gx). 20 This perfect collinearity means that we cannot find a valid (identifying) instrument for gy in the structural equation (2). In contrast, when E(gy|x) is not perfectly collinear with the regressors, the restrictions imposed by the network structure allow the model to be identified. From (5), it is clear that the variables (1, x, gx, g 2 x, g 3 x, ...) can be used as valid instruments and therefore can be used to consistently estimate the α's. 21 Here an important remark is in order. Up to now, we have assumed that we observe an i.i.d.
) from a population of networks with a fixed and known structure (matrix g non-stochastic). Alternatively suppose that we observe an i.i.d. sample of (y l , x l , g l ) of size L, where the matrices g l are now stochastic but strictly exogenous. Consider Proposition 1 in this case. As soon as one g in the support of the network's distribution is such that i, g, and g 2 are linearly independent, then the model is identified. This is the case, since for identification purposes, the size of the sample can be as large as needed. If for every g in the support of the network's distribution, no individual is isolated, i, g, and g 2 are linearly dependent, and they share a common relation of linear dependency, then the model is not identified.
Propositions 4 and 6 below can be generalized in a similar way.
Group Interactions
In this section, we apply Proposition 1 to analyze identification when individuals interact in groups. We focus particularly on models developed by Manski (1993) , Moffitt (2001) and Lee (2006) . Manski's (1993) Model Let us first show how Proposition 1 covers Manski's first negative result discussed in the introduction. Suppose that individuals interact in groups, and also that the individual is included when computing the mean (i ∈ N i ). That is, there is a partition of the population in subsets G 1 , ..,
Nonindentification in
This means that individuals are affected by all others in their group and by none outside of it.
The network of interaction is therefore the union of complete subnetworks. In this case, g 2 = g, that is, g is idempotent. The second part of Proposition 1 applies. From (5), the expected mean outcome of the reference groups, E(gy|x), is given by α 0 /(1 − α 2 )1 + (α 1 + α 3 )/(1 − α 2 )gx and is therefore perfectly collinear with the mean characteristics of the group. Therefore, the list of valid instruments is (1, x, gx). In this model, no matter the group sizes, social effects are not identified. Moffitt's (2001) Model Alternatively, as in Moffitt (2001) , suppose that individuals interact in a unique group, and that the individual is excluded when computing the mean (i / ∈ N i ). Denote by ω n the corresponding interaction matrix where ω ij = 1/(n − 1) if i 6 = j and 0 otherwise. It is easy to see that ω 2 n = 1 n−1 i+ n−2 n−1 ω n if n ≥ 2, and the second part of Proposition 1 again applies. Social effects are not identified. Lee's (2006) Model Suppose now that individuals interact in two groups of sizes n 1 and n 2 with n 1 , n 2 ≥ 2. The interaction matrix g can be written as follows
Identification in
Suppose that g 2 = λ 0 i + λ 1 g. 22 The diagonal elements give λ 0 = 1/(n 1 − 1) = 1/(n 2 − 1), hence n 1 = n 2 . Therefore, if n 1 6 = n 2 , the matrices i, g, and g 2 are linearly independent, the first part of Proposition 1 applies. Moreover, using eq. (5), one can easily show that E(gy|x) = α 0 /(1 − α 2 )1+β 0 x+β 1 gx+β 2 g 2 x, with β 2 6 = 0 when α 2 6 = 0 and α 1 α 2 + α 3 6 = 0. 23 Therefore, the variables (1, x, gx, g 2 x) can be used as valid instruments for gy. In this model, social effects are identified. This result is related to Lee (2006) 's model in the absence of group fixed effects.
Proposition 2 Identification arises here thanks to the effects of the group size on reduced form coefficients within each group. After some manipulations, eq. (3) can be rewritten as follows:
where n g is the size of i's group, andx i is the mean over all other individuals in the group and ν i is the error term. Variation of reduced form coefficients across groups of different size allows to identify the structural model. The impact of n g on these coefficients has an intuitive interpretation. Consider first the reduced form coefficient on x i in (6). It is the sum of a direct and an indirect effect. The direct effect is simply equal to α 1 , and captures the effect of i's characteristic on i's outcome already present in the structural model. The indirect effect arises through endogenous effects: x i affects y j , which in turn, affects y i . 24 The indirect effects decrease with n g , and become negligible as n g tends to infinity. This reflects the diminishing role that i plays, by himself, in determining others' outcomes when the size of the group grows. For a similar reason, the reduced form coefficient onx i is increasing in n g . As the role played by one individual decreases, the mean characteristics of all the others become more important. 22 Observe that, since at least one individual is not isolated, the matrices i and g are linearly independent. 23 After few manipulations, one obtains:
Thus, variations in group sizes create exogenous variations in the reduced form coefficients across groups that lead to identification. Interestingly, Davezies et al. (2006) have shown that Lee's model is generically identified, even when all members in the group are not observed.
Observe finally that, in this model, social effects may be identified when the individual is excluded in the computation of the group mean, but not when he is included.
Network Interactions
Suppose now that individuals interact through a network. In addition, suppose that we can find an intransitive triad in the network. This is a set of three agents i, j, k such that i is affected by j and j is affected by k, but i is not affected by k. In this case, g ik = 0 while g 2 ik ≥ g ij g jk > 0. In contrast, g 2 = λ 0 i + λ 1 g implies that g 2 ik = 0. Therefore, the presence of an intransitive triad guarantees that i, g, and g 2 are linearly independent. This means that g 2 x is a valid instrument for gy, since x k affects y i but only indirectly, through its effect on y j (that is, through a link of distance 2).
Most networks have intransitive triads. 25 Some networks do not, however. They are called transitive, and are characterized by specific properties, e.g., see Bang-Jensen and Cutin (2000).
We analyze the case of transitive networks in Appendix 1. We show that for most of them, the first part of Proposition 1 applies. More precisely, we show that i, g, and g 2 are linearly independent if and only if g 2 6 = 0. In this case, the variables (1, x, gx, g 2 x) can be used as valid instruments for gy. When g 2 = 0, the first part of Proposition 1 obviously does not apply. 26 However, the presence of isolated individuals still yields identification. Indeed, α 0 and α 1 can be identified from the reduced form parameters of isolated individuals. Also, α 2 can be identified from the constant of the reduced form of non-isolated individuals (i.e.,
) as long as α 0 6 = 0.
Finally, α 3 is identified from the coefficient associated with x in (3). In the end, we obtain the following result.
Proposition 3 Suppose that individuals do not interact in groups. Suppose that α 1 α 2 + α 3 6 = 0.
If g 2 6 = 0, social effects are identified. If g 2 = 0, social effects are identified when α 0 6 = 0, but not when α 0 = 0.
Overall, the results presented in this section show that endogenous and exogenous effects can usually be identified as soon as there is some variation in the reference groups. The results are clear-cut, reflecting the theoretical nature of identification conditions. In practice though, we expect identification to be weak if the network is close to being complete, or if individuals interact in groups and group sizes are large. We explore this issue in Section 4.
Correlated Effects
In this section, we partially address the problem of correlated effects. We introduce unobserved variables common to individuals who belong to the same component of the network. These variables may be correlated with individual observable characteristics, which introduces an additional identification problem. As in panel data models, we solve this problem by taking appropriate differences between outcomes to take out the unobserved variables. We then ask whether endogenous and exogenous social effects can be disentangled. We characterize the necessary and sufficient conditions for identification. Not surprisingly, these conditions are more demanding than in the absence of correlated effects. Identification still holds in most networks, but it fails for some specific ones. We also find that the way common unobservables are eliminated matters.
We provide the best possible condition for identification in this setting.
The Model
We introduce component-level unobservables in the previous model. The components of a network are defined as follows (see Wasserman and Faust 1994) . 27 Two individuals i and j are related if j ∈ N i or i ∈ N j . They are indirectly related if they are related, or if there is a chain of individuals i 1 , ..., i l such that the pairs i and i 1 , i 1 and i 2 , ..., i l and j are related. A component is a maximal set of indirectly related individuals. Components provide a natural partition of the population. Denote by C the set of components and by |C| its cardinality (i.e., their number). 27 Two types of components can be defined on directed graphs. They are called weak and strong components in the literature on social networks. We consider here weak components. See the proof of Proposition 3 for a discussion of strong components. Weak and strong components coincide when relations are undirected.
We observe that when individuals interact in groups within the network, components are simply equal to the groups. We consider the following structural model. For any component c and for any individual i belonging to c,
The component fixed effect μ c captures unobserved (by the modeler) variables that have common effects on the outcome of all agents within the component. Importantly, E(μ c |x) may be different from zero for all i ∈ c but we assume that E( i | μ c , x) =0. Thus, correlated unobservables may be present but we maintain the strict exogeneity of x, given μ c . This is a natural generalization of the model of Lee (2006) to a network setting. A similar model has been estimated by Lin (2005) .
The structural model (7) Before studying how the reflection problem can be solved in this context, the standard approach is first to eliminate the component-level unobservables. In analogy with the within transformation in panel data models, this can be done by taking appropriate differences between structural equations. However there are many transformations that can eliminate the unobservables. We next study two natural ways to do that. Throughout this section, we assume that no individual is isolated. More generally, our results are valid for any row-normalized matrix g.
Local Differences
We first take local differences. We average equation (7) over all the neighbors of i (that is, all individuals j such that j ∈ N i ), and subtract from i's equation. This approach is local since it does not fully exploit the fact that the fixed effect is not only the same for all neighbors of i but also for all individuals of his component. Written in matrix notations, the structural model, on 13 which a within local transformation is applied, becomes:
The corresponding reduced form is obtained as in Section 2 (see eq. (3)).
Our next result characterizes identification in this setting. This condition is more demanding than the condition of Proposition 1. Some information has been lost to take into account the presence of correlated effects. This loss makes identification more difficult. The following property may be useful in applications (e.g., see Horn and Johnson 1985) . If the matrix g has (at least) four different eigenvalues, then i, g, g 2 , and g 3 are linearly independent. If g has three different eigenvalues (or less) and g is diagonalizable, then i, g, g 2 , and g 3 are linearly dependent.
As in the previous section, Proposition 4 has a natural interpretation in terms of instrumental variables. We show in Appendix 2 (Result 2) that the matrices i, g, g 2 , and g 3 are linearly dependent if and only if the expected value of the endogenous variable on the right-hand side of equation (8) 
can be used as valid instruments for (i − g)gy.
We study the implications of Proposition 4 on the pattern of interactions among individuals.
Consider group interactions. Three different sizes are now necessary to obtain identification.
With two groups of sizes n 1 and n 2 , we can see that i, g, g 2 , and g 3 are linearly dependent. More precisely,
14 In contrast, with three sizes (or more), i, g, g 2 , and g 3 are linearly independent, and social effects are identified (see Davezies et al. 2006) . 28 This is, of course, confirmed by looking directly at the reduced form. Let n g be the size of i's group. Equation (9) becomes 
instance, this distance is 1 between two individuals directly connected and 2 in an intransitive triad. Define the diameter of the network as the maximal distance between any two individuals in the network. Suppose that we can find two individuals i and j separated by a distance 3 in the network. In this case, g 3 ij > 0 while g 2 ij = g ij = 0. Hence, no linear relation of the form g 3 = λ 0 i + λ 1 g + λ 2 g 2 can exist. Therefore, one has: Corollary 5 Consider model (8) and suppose that α 1 α 2 + α 3 6 = 0. If the diameter of the network is greater than or equal to 3, social effects are identified.
This condition is satisfied in most networks. As in Section 2, it can be understood in terms of instrumental variables. Let i, i 1 , i 2 , j be a path of minimal length connecting i to j. Observe that
y k has to be explained as a function of exogenous variables and of
. Also, i 1 ∈ N i and i 2 ∈ N i 1 . The exogenous characteristic x i 2 is not a valid instrument to estimate the endogenous social effect, since y i 2 directly appears on the right-hand side. In contrast, y j does not appear on the right-hand side, hence x j affects y i only indirectly through its effect on y i 2 . Therefore, x j is a valid instrument to estimate the endogenous social effect, and the model is identified. From the series expansion of the model, this means that the 28 With three groups of sizes n1, n2 and n3, the matrix g is diagonalizable and has four distinct eigenvalues: 1, −1/(n 1 − 1), −1/(n 2 − 1), and −1/(n 3 − 1).
29 If there is no chain of individuals connecting i and j, by convention the distance between them is equal to 0.
are valid instruments for the right-hand side endogenous
Identification fails, however, for a number of non trivial networks of diameter lower than or equal to 2. This is notably the case for complete bipartite networks. In these graphs, population is divided in two subgraphs such that all individuals in one subgraph are connected to all individuals in the other subgraph, and there is no connection within subgraphs. These include star networks, where one agent, at the center, is connected to all the other agents, who are all only connected to him. It is easy to check that g 3 = g for complete bipartite networks. By Proposition 4, social effects are not identified for these networks. To illustrate, consider star networks. Let i = 1 denote the center. Reduced form equation (9) for star networks can be expressed as follows:
We can only recover the two composite parameters α 1 and
from the estimation of the reduced form. This makes the identification of the three structural parameters impossible.
We could not fully characterize the condition of Proposition 4 in terms of the geometry of the network. To gain some insight on this issue, we determined all the connected non directed networks for which identification fails when n = 4, 5, and 6. They are depicted in Figure 1 . We observe two features. First, the number of networks for which identification fails is relatively low, even within the set of networks with diameter lower than or equal to 2. Second, all these networks exhibit a high degree of symmetry. We suspect that both features hold more generally. Linear dependence between i, g, g 2 , and g 3 likely imposes strong restrictions on the network's geometry.
Global Differences
We next take global differences. We average equation (7) over all individuals in i's component, and subtract from i's equation. In contrast with the previous section, the equation being subtracted is now identical for all individuals in the same component. Introduce the matrix h as follows:
|c| if i and j belong to c, and h ij = 0 otherwise. The ith element of hx equals the average of x over i's component. Also, for any component c, let 1 c denote the vector whose ith element is 1 if i ∈ c and 0 otherwise. We can write the structural model on which a global within transformation is applied as follows:
In this context, the restricted reduced form becomes: 30
We characterize the condition under which this model is identified. Our result involves the rank of the matrix i − g. Since ∀c ∈ C, (i − g)1 c = 0, this rank is always lower than or equal to
Proposition 6 Consider model (11). Suppose that α 1 α 2 +α 3 6 = 0. If the matrices i, g, g 2 , and g 3 are linearly independent, social effects are identified. Next, suppose that g 3 = λ 0 i + λ 1 g + λ 2 g 2 .
If rank(i − g) < n − |C| and 2λ 0 + λ 1 + 1 6 = 0, social effects are identified. In contrast, if 
...) can be used as valid instruments to estimate the model consistently, when the model is identified.
The result shown in Proposition 6 implies that if social effects are identified when taking local differences, they are also identified when taking global differences. The reverse need not be true, however, as the example below demonstrates. The condition rank(i − g) < n − |C| means that 30 Since i − h and (i − α 2 g) −1 do not generally commute, the reduced-form cannot be obtained directly from equation (11). Rather, rewrite equation (7) as follows:
and multiply by i − h. 31 The vectors 1 c are linearly independent, hence dim
32 The case where rank(i − g) < n − |C| and 2λ0 + λ1 + 1 = 0 is covered in the Appendix. It involves a more elaborate condition.
we can find a vector x such that gx = x and for some i, j belonging to the same component, x i 6 = x j . For many networks, the conditions in Propositions 4 and 6 are identical. Under group interactions, both ways of removing the common group unobservables are equivalent. This can be seen directly on the reduced form. Equation (12) is equivalent to equation (9). Alternatively, we can apply Proposition 6. With two groups of sizes n 1 6 = n 2 , |C| = 2, and rank(i − g) = n − 2.
Social effects are not identified under either way of eliminating the unobservables. Similarly, we can check that rank(i − g) = n − |C|, hence that identification fails, for the networks depicted in Figure 1 and for complete bipartite networks.
The two conditions are not equivalent, however. There are networks for which social effects are identified when taking global differences, but not when taking local differences. We give an example in Figure 2 with n = 5. This network has a unique component. The matrix g satisfies g 3 = g, hence identification fails when taking local differences. However, rank(i − g) = 3 < n − |C| = 4 and 2λ 0 + λ 1 + 1 = 2 6 = 0. Thus, identification holds when taking global differences.
The way correlated effects are addressed affects the way endogenous and exogenous social effects can be identified.
We next show that Proposition 6 gives the best possible condition for identification. If social effects are not identified when subtracting the component's average, they are never identified.
We consider some arbitrary linear combinations of the structural equations designed to remove the μ c 's. Let d be the corresponding n × n differentiation matrix. This result says that prospects for identification improve when the differentiation matrix has a smaller kernel. Observing that i − h has maximal rank, we conclude that the condition described in Proposition 6 is the best possible condition for identification. 
Monte Carlo Simulations
In this section, we report results from Monte Carlo simulations. We focus on the baseline model (1). Proposition 3 shows that social effects are identified if individuals do not interact in groups.
In practice, however, we expect identification to be weak if the graph is close to be complete (i.e., when its density is close to one). We study here how the strength of the identification is affected by the density of the graph and its degree of intransitivity, for various types of graphs.
We find that structural parameters are better estimated when the density of the graph is small.
The impact of intransitivity on the precision of estimators is however more complex and can be U-shaped for graphs with intermediate to high density.
Networks
We define the density and the level of intransitivity of a network (see Wasserman and Faust 1994) . Density is equal to the ratio of the number of links over the total number of possible links. It describes the average probability that any two individuals are connected. The level of intransitivity is the ratio of the number of intransitive triads, where i is connected to j and j to k but i is not connected to k, over the number of triads, where i is connected to j and j to k (and k 6 = i). The intransitivity level lies between 0 and 1; it equals 0 only when the network is transitive.
We consider two types of networks. We first look at the standard Erdös-Rényi (1959) Erdos-Rényi random graphs provide a natural starting point, but their structure is very specific. Especially, a lower d corresponds to a lower density and a higher intransitivity. In order to disentangle both effects, we introduce a second type of graphs. We adapt the small-world procedure of Watts and Strogatz (1998) to our context. We start from disjoint complete sub-graphs of size k. (Hence k divides the population size n). Then, with probability p each link is rewired at random. Since the total number of links is constant, density is fixed and equal to k−1 n−1 . We let the probability p vary. When p equals 0, the level of intransitivity is 0. When p equals 1, we obtain an Erdös-Rényi graph. As p increases, the expected level of intransitivity increases. We set n = 100 and we let k and p takes the following values: k ∈ {4, 5, 10, 20, 25, 50}
and p ∈ {0.01, 0.05, 0.1, 0.2, 0.4, 0.6, 0.8, 1}. 33 In summary, the second type of graphs allows us to look at how intransitivity affects the strength of identification, holding density constant. Also, they can be used to analyse the impact of density, holding intransitivity constant.
Estimation
We implement our baseline model, i.e.,
Structural parameters are chosen as follows α 0 = 3, α 1 = 0.75, α 2 = 0.5, α 3 = 0.7.
In this model, ² is a n × 1 vector of disturbances which is N (0, Σ). We set Σ = σ 2 i and σ 2 = 1. 34
x is a n × 1 vector of observations on the exogenous variables. We draw one observation from the network. Regressors x i are i.i.d., picked from a uniform distribution on [0, 50] . Finally, we generate the n × 1 vector of endogenous variables y thanks to the reduced-form equation (3):
Social effects are estimated following a Generalized 2SLS strategy proposed in Kelejian and Prucha (1998) and refined in Lee (2003) . This procedure yields an asymptotically optimal IV estimator and reduces to a two-step estimation method in our case. The first step consists in estimating a 2SLS using as instruments S = h 1 x gx g 2 x i . In our case, the model is just identified, and we obtain b α 2SLS = (S 0 X) −1 S 0 y where X = h 1 x gy gx i is the matrix 33 A connected graph is said to have the small-world property when his diameter and his level of intransitivity are both relatively low, see Watts and Strogatz (1998) . This typically happens for low values of p.
34 Our theoretical results are valid for any variance-covariance matrix Σ. Here the error terms are i.i.d. and homoscedastic. However, since we use an instrumental variables approach to estimate the parameters, we do not exploit this fact to help identification. 20 of explanatory variables. The second step consists in estimating a 2SLS using as instruments
follows that
Again, since the model is just identified, we obtain
With homoscedastic and i.i.d. error terms, the estimated variance-covariance matrix of the parameters is
where b s 2 = 1 n−4 b u 0 b u and b u are the residuals from this second step. Table 1 reports the estimation results for Erdös-Rényi graphs. The probability of link formation, or expected density, d, is given in column 1. For each level of density, we pick one graph. We look at 1000 draws for the vectors ² and x. For each draw, we estimate the structural parameters.
Results
Columns 3-6 of Table 1 report the average estimates and the average standard errors over the 1000 draws. Estimates of the endogenous and the exogenous effect are respectively shown in columns 5 and 6.
We find that precision is a decreasing function of density. When the density is smaller or equal to 0.3, the bias on the estimates of both peer effects is relatively small and the precision is relatively good. As the density of the graph increases, precision worsens. None of the two estimates are significant on average at the 10% level when the density exceeds 0.5. As expected, when the density is equal to one (complete graph), the estimation procedure diverges.
The estimation results for small-world graphs are given in Tables 2a-2c . Each of these tables are composed of two panels. To each panel corresponds a specific value of k. Within each panel, density is fixed and as one goes down the columns, p, hence intransitivity, increases. For each value of k and p, we pick one graph. Again, for each graph we report the estimate averages over 1000 draws.
Results are more complex than for Erdös-Rényi graphs. When density is low (k small), precision is an increasing function of intransitivity. However, for intermediate to high levels of density, the relationship is U-shaped. For k = 50, the relationship is plainly non-monotonic. In any case, starting from a situation where peer effects are not identified (p = 0), a slight increase in the level of intransitivity holding density constant greatly improves identification. As regards the density, a glance across the tables indicates that for a given level of intransitivity, the precision of the estimates is everywhere a decreasing function of density. Overall, these results confirm the role played by the network's structure on the identification of peer effects.
Conclusion
In this paper, we characterize the conditions under which endogenous and exogenous social effects are identified in a linear-in-means model with general interaction structure. Our analysis shows that both effects can usually be distinguished with network data, although identification may fail for specific networks. Also, when the model is identified, we show, from Monte Carlo simulations, that characteristics of a network, such as its density and its level of intransitivity, may strongly affect the quality of the estimates of the peer effects. At the empirical level, a few recent papers have already used these network effects to separately estimate endogenous and exogenous effects. 35 Further empirical work is certainly needed to better understand the feasability of these identification strategies.
Our results suggest that there are high benefits to analyzing network data. On the other hand, collecting comprehensive data on relationships between agents can be very costly. The development of electronic databases has, in some instances, dramatically lowered this cost. Thus, studies on co-authorship networks among scientists are linked to the availability of literature databases (see Newman 2001 , Goyal et al. 2006 . Sampling the network provides a different way to reduce these costs. This can be done in many ways, e.g., see Rothenberg (1995) . It would be interesting to study how our identification results apply in such settings. Can the econometrician still recover endogenous and exogenous effects if he only knows a limited part of the network?
Finally, the problems of correlated effects and the endogeneity of link formation remain central.
35 See Laschever (2005) , Lin (2005) , and our discussion in the introduction.
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Experiments, or natural randomizations, provide one answer. In an experimental context, our results could guide empirical research. For instance, appropriate structures of interactions could be imposed on participants in the lab. With non-experimental data, taking differences between endogenous variables can eliminate certain types of unobserved variables, as done in section 3.
Alternatively, two-stage estimations could be attempted on network data. The likelihood of link formation could be estimated in a first step, and social effects conditional on links formed in a second step. This would require to have some understanding on how relationships emerge, hence could be fruitfully combined with theoretical models of network formation. 36
36 See Weinberg (2004) and Ioannides and Soetevent (2006) for first steps in this direction.
APPENDIX 1
Proof of Proposition 1.
Consider two sets of structural parameters (α 0 , α 1 , α 2 , α 3 ) and (α 0 0 , α 0 1 , α 0 2 , α 0 3 ) leading to the same reduced form. It means that α 0 (i−α 2 g) −1 1 =α 0
Suppose first that i, g, and g 2 are linearly independent. Then,
and α 0 3 α 2 = α 3 α 0 2 . Suppose first that α 0 3 α 2 6 = 0. There exists λ 6 = 0 such that α 0 2 = λα 2 , α 0 3 = λα 3 .
Substituting yields α 0
Thus, either α 2 = α 0 2 = 0 and by the last equation α 3 = α 0 3 = 0, or α 3 = α 0 3 = 0 and by the last equation (and since α 1 6 = 0 because α 3 + α 1 α 2 6 = 0), α 2 = α 0 2 = 0. To conclude,
Next, suppose that i, g, and g 2 are linearly dependent, and that no individual is isolated. The latter property implies that g1 = 1, and α 0 (i−α 2 g) −1 1 =α 0 /(1−α 2 )1. Three equations only need to be satisfied for (α 0 , α 1 , α 2 , α 3 ) and (α 0 0 , α 0 1 , α 0 2 , α 0 3 ) to yield the same reduced form. Therefore, the model is not identified.
Suppose that there are K characteristics and that parameters α 1k and α 3k are associated with characteristic k. Structural parameters α and α 0 lead to the same reduced form iff α 0 (i−α 2 g) −1 1 =α 0
. Suppose that for some k 0 , α 3k 0 + α 1k 0 α 2 6 = 0. If i, g, and g 2 are linearly independent, by the previous argument α 0 =α 0 0 ,
. Then, for any other k, multiplying by i−α 2 g leads to α 1k i + α 3k g =α 1k i + α 3k g hence α = α 0 . If i, g, and g 2 are linearly dependent, we can find α 6 = α 0 leading to the same reduced-form.
Proof of Proposition 3.
Suppose that individuals do not interact in groups, and that the network is transitive. We make use of standard properties of directed graphs, see e.g., Bang-Jensen and Cutin (2000) .
Say that there is a path between i and j in the network if Formally, let S and S 0 be two strong components. Then, ∀i 6 = j ∈ S, g ij > 0. And, if there is a path between i ∈ S and i 0 ∈ S 0 , then for all j ∈ S and j 0 ∈ S 0 , g jj 0 > 0.
We know that there exists two strong components S 1 and S 2 of sizes s 1 , s 2 such that: (1) ∀i ∈ S 1 , N i = S 1 − {i}, and (2) ∀i ∈ S 2 , N i = S ∪ S 2 − {i} where S is a group size s ≥ s 1 such that S 1 ⊂ S and S 2 ∩ S = ∅. S 1 is a strong component, which is not affected by any other strong component. S 2 is a strong component affected by S 1 . We can find S 1 6 = S 2 since individuals do not interact in groups. Suppose first that s 1 , s 2 ≥ 2. For any i 6 = j ∈ S 1 , g ij =
Since S 1 is a strong component, if i ∈ S 1 and g ij g ji > 0, then j ∈ S 1 . The same is true for S 2 . Therefore,
(s 2 +s−1) 2 . Since s 2 + s − 1 > s 1 − 1, we have Suppose next that s 1 or s 2 is equal to 1. It means that for some i, (g 2 ) ii = 0. Hence λ 0 = 0 and for all i, (g 2 ) ii = 0. Therefore, all the strong components of the network have size 1, and the network is acyclic. In this case, there must exist a pair of individuals i and j such that: (1) i is affected by j, (2) j is isolated, and (3) all the individuals affecting i are isolated. Then, g ij = 1 n i and (g 2 ) ij = P k∈N g ik g kj = 0. Therefore, λ 1 = 0, hence g 2 = 0. Therefore, if g 2 6 = 0, i, g, and g 2 are linearly independent.
Finally, suppose that g 2 = 0. These networks are characterized by the fact that: (1) no relation is reciprocal, i.e., j ∈ N i ⇒ i / ∈ N j , and (2) they do not have any triad, i.e., sets of three different individuals i, j, k such that i ∈ N j and j ∈ N k . Two sets of structural coefficients lead to the same reduced form if
The last condition becomes α 0 1−α 0 α 0 2 g1 =α 0 0 1−α 0 0 α 2 g1. There must exist one isolated and one non-isolated individual in the network. When i is isolated, (g1) i = 0 and α 0 = α 0 0 . When i is not isolated, (g1) i = 1, and α 0 (1 − α 0 2 ) = α 0 0 (1 − α 2 ). Under the assumption that α 0 6 = 0, we have α 2 = α 0 2 , hence α 3 = α 0 3 and social effects are identified.
Proof of Proposition 4
Two sets of structural parameters (α 1 , α 2 , α 3 ) and (α 0 1 , α 0 2 , α 0 3 ) lead to the same reduced form
). This is equivalent to
Suppose first that i, g, g 2 , and g 3 are linearly independent. Then, α 1 = α 0 1 , α 3 + α 1 α 2 = α 0 3 + α 1 α 0 2 , and α 0 2 α 3 = α 2 α 0 3 . By the same argument as in the proof of Proposition 1, α 2 = α 0 2 26 and α 3 = α 0 3 . Suppose next that i, g, g 2 , and g 3 are linearly dependent. If g 2 = λ 0 i+λ 1 g, only two equations must be satisfied for (α 1 , α 2 , α 3 ) and (α 0 1 , α 0 2 , α 0 3 ) to lead to the same reduced form, hence social effects are not identified. If g 3 = λ 0 i+λ 1 g + λ 2 g 2 , (α 1 , α 2 , α 3 ) and (α 0 1 , α 0 2 , α 0 3 ) lead to the same reduced form of (i − g)y if and only if the following three equations are satisfied
Since no individual is isolated, g1 = 1, and λ 0 +λ 1 + λ 2 = 1. This means that the third equation can be simply obtained by summing the first two. Hence two equations only need to be satisfied, and social effects are not identified.
With K characteristics, α and α 0 lead to the same reduced-form iff ∀k,
and g 3 are linearly independent, then α 2 = α 0 2 , α 1k 0 = α 0 1k 0 and α 3k 0 = α 0 3k 0 . For any other k,
Proof of Proposition 6.
We first show that social effects are identified if and only if the following condition is true. If
Suppose that the condition holds. Consider c one component of g. On c, the reduced form of equation (7) can be written y = μ c 1−α 2 1 c +(i−α 2 g) −1 (α 1 i + α 3 g)x + ν. Averaging over the 27 component and subtracting yields:
where |c| is the size of the component, α = (α 1 , α 2 , α 3 ), and ϕ(x, α) =
Next suppose that (α 1 , α 2 , α 3 ) and (α 0 1 , α 0 2 , α 0 3 ) lead to the same reduced form. It means that ∀x,
Multiplying by i−α 2 g and i−α 0 2 g gives ∀x,
, and α 0 2 α 3 = α 2 α 0 3 , and, using the argument in the proof of Prop. 1, social effects are identified.
Conversely, suppose that the condition does not hold. There exist μ 0 , μ 1 , μ 2 not all equal to zero such that μ 0 i + μ 1 g + μ 2 g 2 has identical rows over each component. We follow the previous reasoning in reverse. We can find α 6 = α 0 such that μ 0 = α 1 −α 0 1 , μ 1 = α 3 −α 0 3 +α 0 1 α 2 −α 1 α 0 2 , and
This means that α and α 0 have the same reduced form, hence social effects are not identified.
Next, suppose that μ 0 i + μ 1 g + μ 2 g 2 has identical rows over each component. Since g1 c = 1 c , multiplying by g leaves the matrix unchanged. Thus,
i, g, g 2 , and g 3 are linearly independent, then μ 0 = μ 1 = μ 2 = 0, and social effects are identified.
If g 3 = λ 0 i + λ 1 g + λ 2 g 2 , and μ 2 = 0, then μ 0 = μ 1 = 0. If μ 2 6 = 0, we can set μ 2 = 1. This yields μ 0 = λ 0 and μ 1 = λ 0 + λ 1 . In other words, either λ 0 i + (λ 0 + λ 1 )g + g 2 has identical rows over components, and social effects are not identified, or there is one component such that λ 0 i + (λ 0 + λ 1 )g + g 2 does not have identical rows, and social effects are identified.
It means that on any component, any column m j of m satisfies gm j = m j . Suppose that
any component c of size |c|, m j = ξ j 1 and all rows of m are equal to (ξ 1 , ..., ξ n C ). Thus, social effects are not identified. Conversely, suppose that m has identical rows over components. Take a component, and a vector u such that gu = u on this component. Then, mu = (2λ 0 + λ 1 + 1)u.
Since m has identical rows, mu has identical elements. As soon as 2λ 0 + λ 1 + 1 6 = 0, u i = u j and on this component dim
With K characteristics, α and α 0 lead to the same reduced-form iff ∀k, 
and α 3k = α 0 3k .
Proof of Proposition 7.
Denote by r(α, g) = (i−α 2 g) −1 (α 1 i + α 3 g) and by r i its columns. Social effects are not identified if and only if there exists α 6 = α 0 such that dr(α, g) = dr(α 0 , g) This is equivalent to the fact that for every i, the vector r i (α, g)−r i (α 0 , g) belongs to ker d. Therefore, if ker d ⊂ ker d 0 and if social effects are not identified for d, then they are not identified for d 0 .
APPENDIX 2. Perfect collinearity and identification.
Result 1. Suppose that α 1 α 2 + α 3 6 = 0 and that no individual is isolated. Then,
(2) g 2 = μ 0 i + μ 1 g and μ 0 α 2 6 = −1⇒∀x, E(gy|x) = λ 0 1 + λ 1 x + λ 2 gx.
Proof. Recall, from 2, that y =
Multiplying by g and taking the expectation yields:
One can then see that ∀x, E(gy|x) = λ 0 1 + λ 1 x + λ 2 gx is equivalent to λ 0 = α 0 1−α 2 and
If i, g, g 2 are linearly independent, then λ 1 = 0, λ 2 = α 1 , hence α 2 α 1 + α 3 = 0, which is not possible. This shows that ∀x, E(gy
Reciprocally, suppose that g 2 = μ 0 i+μ 1 g. We want to find λ 1 and λ 2 such that α 2 λ 2 +α 3 6 = 0, λ 1 = μ 0 (α 2 λ 2 +α 3 ) and λ 2 −α 2 λ 1 −α 1 = μ 1 (α 2 λ 2 +α 3 ). This is equivalent to λ 1 −μ 0 α 2 λ 2 = μ 0 α 3 and α 2 λ 1 + (μ 1 α 2 − 1)λ 2 = −α 1 − μ 1 α 3 . This system has a unique solution in λ 1 and λ 2 if and only if μ 1 α 2 − 1 + μ 0 α 2 2 6 = 0. Since g 2 1 = 1, μ 0 + μ 1 = 1 and the last condition is equivalent to μ 0 α 2 6 = −1. If μ 0 α 2 = −1, then the system has no solution if α 1 α 2 + α 3 6 = α 3 and an infinity of solutions otherwise.
With K characteristics, denote by x k the vector associated with characteristic k. We can show through the same reasoning that ∀x 1 , ...,
Observe that here the variables (1, x 1 , ..., x K , gx 1 , ..., gx K , g 2 x 1 , ..., g 2 x K , ...) can be used to instrument for gy. ¤ Result 2. Suppose that α 1 α 2 + α 3 6 = 0 and that no individual is isolated. Then,
Therefore, one can see that
If i, g, g 2 , g 3 are linearly independent, then λ 0 = 0, λ 1 = α 1 , hence α 2 α 1 + α 3 = 0, which is not possible.
Reciprocally, suppose that g 3 = μ 0 i + μ 1 g + μ 2 g 2 . We want to find λ 1 and λ 2 such that
Since μ 0 + μ 1 + μ 2 = 1, one can see that the third equation is a simple linear combination of the first two. Thus, only the first two have to be satisfied. They are equivalent to λ 0 + μ 0 α 2 λ 1 = −μ 0 α 3 and (1 + α 2 )λ 0 − (1 + μ 1 α 2 )λ 1 = μ 1 α 3 − α 1 . This system as a unique solution if and only if μ 0 α 2 (1 + α 2 ) + μ 1 α 2 6 = −1.
As in the previous result, the generalization to K characteristics is straightforward. Here, the variables ((i − g)x 1 , ..., (i − g)x K , (i − g)gx 1 , ..., (i − g)gx K , (i − g)g 2 x 1 , ..., (i − g)g 2 x K , ...) can be used to instrument for (i − g)gy. ¤ A graph for which which social social effects effects are are identified identified when when using using global global differences differences but not but not when when using using local local differences differences. . 
